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REPRESENTATIONS OF REDUCTIVE GROUPS OVER FINITE
RINGS AND EXTENDED DELIGNE-LUSZTIG VARIETIES
ALEXANDER STASINSKI
Abstrat. In a previous paper it was shown that a ertain family of vari-
eties suggested by Lusztig, is not enough to onstrut all irreduible omplex
representations of redutive groups over nite rings oming from the ring of
integers in a loal eld, modulo a power of the maximal ideal. In this paper we
dene a generalisation of Lusztig's varieties, orresponding to an extension of
the maximal unramied extension of the loal eld. We show in a partiular
ase that all irreduible representations appear in the ohomology of some ex-
tended variety. We onlude with a disussion about reformulation of Lusztig's
onjeture.
1. Introdution
Let F be a loal eld with nite residue eld Fq, ring of integersOF , and maximal
ideal pF . Let G be a onneted redutive group over F , and set Gr = G(OF /prF ),
for any integer r ≥ 1.
Let F ur be a maximal unramied extension of F , and let Gr = G(OFur/prFur).
Then Gr arries a struture of ane algebrai group over the residue eld F of
F ur, and is equipped with a morphism ϕ : Gr → Gr indued by the Frobenius
automorphism in Gal(F ur/F ), suh that Gϕr = Gr.
In a previous version of [8℄, Lusztig onjetured (in the setting where F is of
equal harateristi and G dened over Fq) that every irreduible representation of
Gr appears in the l-adi ohomology of a variety
Xx = {g ∈ Gr | g−1ϕ(g) ∈ xUr},
for some element x ∈ Gr. The results in [11℄ show that this does not hold for
the ase G = SL2, F of equal harateristi, r = 2, and q odd, but that the
representations not aounted for by Lusztig's varieties, an in this ase all be
realised by a variety of a dierent kind. The latter variety was however onstruted
in a rather ad ho manner, and it did not make it lear how to generalise it. It is
therefore natural to seek a onstrution that extends Lusztig's onjeture in a more
uniform and oneptual way. We believe that the ideas in this paper provide a rst
step in this diretion.
The following is an outline of the ontents. First we review Greenberg's theory
of redution of shemes over loal rings, modulo some power of the maximal ideal.
This provides the general theory underlying the onstrution and properties of the
groups Gr, and their generalisations.
Next, we dene groupsGL,r for any nite Galois extension L/F
ur
. The fat that
Gr an be realised as the xed points of GL,r under the ations of the elements of
the Galois group Gal(L/F ), allows us to dene a generalisation of the varieties of
Lusztig, whih we all extended Deligne-Lusztig varieties.
The main result of this paper is that every irreduible representation of dimension
(q2− 1)/2 of the group G2, where G = SL2, F of equal harateristi, r = 2, and q
odd, is realised by a ertain extended Deligne-Lusztig variety, whih is an analogue
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of Lusztig's variety Xx for x =
(
1 0
ε 1
)
, where ε is a prime element in OFur . We
show that the ad ho variety onstruted in [11℄ is in fat isomorphi to the quotient
of this extended variety, modulo a nite group. Together with the results of Lusztig
(f. [8℄, set. 3) this shows that all irreduible representations of G2 our in the
ohomology of some extended Deligne-Lusztig variety of a ertain kind.
In the nal setion we speulate on how the onstrution of extended Deligne-
Lusztig varieties may be used to reformulate Lusztig's onjeture. This perspetive
is still very rudimentary, whih is shown by the large number of open questions.
This work will form part of the author's PhD thesis, and has been arried out
at the University of Nottingham under the supervision of Prof. Ivan Fesenko.
2. Redution of shemes over loal rings
In order to study the representation theory of redutive groups over the ring of
integers in a loal eld modulo some power of the maximal ideal, it is very useful
(perhaps essential) to view these groups as xed point subgroups of ertain algebrai
groups whih are redutions of the redutive group in question, modulo a power
of the maximal ideal. Even though this theory of redution an be desribed in
elementary terms for ane varieties, it is more onvenient to state it in the general
ase of shemes of nite type over ertain loal rings. The theory in this form, and
all of the results in this setion, are due to Greenberg (f. [5℄, [6℄).
Let R be a ommutative noetherian loal ring, with maximal ideal m and residue
eld k, assumed to be perfet in the mixed harateristi ase. Denote by X a
sheme of nite type over R. Then there exists a funtor FR from the ategory of
shemes of nite type over R, to shemes of over k, and a funtor GR from shemes
over k to shemes over R, whih is adjoint to FR in the sense that
HomR(GR(Y ), X) ∼= Homk(Y,FR(X)),
for any sheme Y over k.
The funtor GR has the property that GR(Spec(k)) = Spec(R), and so X(R) ∼=
(FRX)(k), i.e. there exists a bijetion between the points of X with values in R,
and the points of FR(X) with values in k.
An advantage of the funtorial approah is that it is straightforward, one the
ategorial framework has been introdued, to show that the redution of a group
sheme is itself a group sheme. More preisely:
Proposition. If X is a group sheme over R, then FRX is a group sheme over
k, and for every sheme Y over k, the bijetion (FRX)(Y ) ∼= (GRY )(X) is an
isomorphism of groups.
Proof. This is Corollary 1, p. 639, and Corollary 4, p. 641 in [5℄. ❚
Furthermore, the funtor FR preserves subshemes, takes shemes of nite type
to shemes of nite type, separated shemes to separated shemes, and ane
shemes to ane shemes, (f. [5℄, Theorem, 4).
Now suppose we have a seond ommutative noetherian loal ring R′, and a
homomorphism ϕ : R → R′. Let Xϕ be the sheme over R′ obtained from X by
extension of salars. Then another onsequene of the funtorial onstrution is the
existene of a onneting morphism
Fϕ(X) : FRX −→ FR′Xϕ,
whih is a group homomorphism if X is a group sheme, (f. [5℄, 5).
Assume from now on that ϕ is surjetive, and that the ideal Kerϕ is annihilated
by m. Let ρ : R → R/m be the anonial map. We all a sheme simple over R if
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it has non-singular non-degenerate redution mod m. Then we have the following
results:
Proposition. If X is simple over R, then Fϕ(X) is surjetive.
Proof. Cf. Corollary 2, p. 262 in [6℄. ❚
Proposition. If X is simple over R and Xρ is redued and irreduible, then FRX
is redued and irreduible.
Proof. Cf. Corollary 2, p. 264 in [6℄. ❚
We will now say something about projetive limits. Suppose that R is omplete
with respet to its m-adi topology, i.e. R ∼= lim←−R/mi, with the onneting mor-
phisms ρi,j : R/m
i → R/mj, for i ≥ j. Let X
m
i
be the sheme over R/mi obtained
from X by extension of salars, and set F
m
iX := FR/miXmi . Then it is shown in
[5℄, 6 that the indued maps Fρi,j (X) form a projetive system, and there is a
bijetion
X(R) −→ lim←−(FmiX)(k),
whih is funtorial in X . Moreover, if X is a group sheme, so is eah F
m
iX , eah
map Fρi,j (X) is a homomorphism, and the above bijetion is an isomorphism of
groups.
In partiular, the above results show that for R omplete and X simple, the
redution mod m maps the points X(R) onto the points (FmX)(k). This is a
generalisation of Hensel's lemma.
The above results an also be used to prove a generalisation of Lang's theorem
for p-adi group shemes. Let R be the ring of integers in a loal eld F with nite
residue eld, and maximal ideal p, and let R̂ur be the ring of integers in F̂ ur, the
ompletion of a maximal unramied extension of F . Let ϕ ∈ Gal(F̂ ur/F ) be the
Frobenius element. Then ϕ restrits to an automorphism of R̂ur over R. For any
group sheme G over R, we also denote by ϕ the indued map on G(R̂ur).
Proposition. Let G be a group sheme simple over R, whose redution mod p is
onneted. Then the mapping g 7→ g−1ϕ(g) of G(R̂ur) into itself, is surjetive.
Proof. Cf. [6℄, 3. ❚
3. Extended Deligne-Lusztig varieties
For any disrete valuation eld F we denote by OF its ring of integers, and by pF
its maximal ideal. For any integer r ≥ 1 we use the notation OF,r for the quotient
ring OF /prF .
Let F be a loal eld with nite residue eld Fq. We x an algebrai losure of F
in whih all algebrai extensions are taken. Denote by F ur the maximal unramied
extension of F with residue eld F, an algebrai losure of Fq.
Let L0 be a nite totally ramied Galois extension of F , and set L = L
ur
0 , with
Γ = Gal(L/F ). Then L is a henselian disrete valuation eld with algebraially
losed residue eld F. We have the relation pFOL = peL, where e is the ramiation
index, and sine L0/F is totally ramied we have e = [L0 : F ]. We may identify L
with a nite extension of F ur (f. [4℄ h. II, set. 4), and thus the residue eld of
L is the same as that of F ur.
Assume that X is a sheme of nite type overOL. In the ontext of the preeding
setion, we take OL for the ring R. For any integer r ≥ 1, we dene
XL,r = FOL,r(X ×OL OL,r).
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Conforming to the notation of [8℄ and [11℄, we set Xr = XFur,r. Sine L and F
ur
have the same residue eld, we have XL,1 = X1.
Let G be a onneted redutive ane algebrai group over F . Then G an be
identied with its orresponding ane group sheme of nite type over F . Extend-
ing salars to L, and using the inlusion OL → L, we onsider G as a group sheme
over OL.
We shall assume that G1, the redution of G modulo pFur , is a onneted re-
dutive group over the residue eld F. This ondition means that for all r > 1,
we have ompatibility with the ase r = 1. The ondition is satised in partiular
when G is a Chevalley group.
The ondition implies that G is simple over OL, so aording to the results of
the previous setion, eah GL,r is an irreduible redued ane group sheme of
nite type over F, i.e. a onneted ane algebrai group.
Every automorphism σ ∈ Γ stabilises OL and prL, respetively (f. [4℄, hap.
II, Lemma 4.1). Therefore, eah σ ∈ Γ denes a morphism of OF -algebras σ :
OL,r → OL,r. Thus, by the results of the previous setion, GL,r arries a natural
struture of linear algebrai group over the residue eld F, and eah σ ∈ Γ indues
a homomorphism σ : GL,r → GL,r with respet to this struture. In the following,
we will use ϕ to denote both the Frobenius element in Gal(L/L0), and its lift to
Γ. Note that in ompliane with this notation, Frobenius morphisms on algebrai
groups will in this paper always be denoted by ϕ.
Let Gr denote the nite group of Fq-points of the variety FOF,r (G ×OF OF,r).
In [8℄ and [11℄, the group Gr was identied with the xed points of Gr under the
Frobenius map. However, this is not the only way to realise Gr as a group of xed
points of an algebrai group. The following assertion makes this more preise.
Lemma 1. For every r ≥ 1, we have Gr = GΓL,r′ if and only if (r− 1)e < r′ ≤ re.
Proof. For any r′ ≥ 1 it is lear that OΓL,r′ = OF,r, where r is the largest integer
suh that OF,r ⊆ OL,r′. This implies that GΓL,r′ = Gr, where r is the largest integer
suh that Gr ⊆ GL,r′. Now this happens exatly when pr−1F OL ⊇ pr
′−1
L * p
r
FOL,
i.e. when (r − 1)e ≤ r′ − 1 < re, or equivalently (r − 1)e < r′ ≤ re. ❚
Let ∆ be a subset of Γ, and denote by {Yσ | σ ∈ ∆} a family of loally losed
subsets of GL,r. For eah suh family, we an dene a variety
X = {g ∈ GL,r | g−1σ(g) ∈ Yσ, ∀σ ∈ ∆}.
Let 〈∆〉 denote the subgroup of Γ, generated by ∆. Then the group G∆L,r = G〈∆〉L,r
learly ats onX by left multipliation. If eah Yσ is normalised by a subgroup Tσ of
GL,r, then there is an ation of
⋂
σ∈∆(Tσ)
σ
on the variety, by right multipliation. If
eah Yσ is stable under both left and right multipliation by a subgroup Uσ of GL,r,
and eah Uσ is σ-stable, then learly
⋂
σ∈∆ Uσ ats on X by right multipliation.
Moreover, if eah Yσ is 〈∆〉-stable, then we have an ation of 〈∆〉 on the variety.
Note that the varieties X˜(w˙) of Deligne and Lusztig (f. [2℄) appear as speial
ases of the above onstrution. Namely, they are given by the speiations r =
1, L = F ur, ∆ = {ϕ}, and Yϕ = w˙U, where U is the unipotent radial of a
Borel subgroup, and w˙ is a lift of an element w in the Weyl group. Under similar
assumptions, but with r ≥ 1 and Yϕ = w˙Ur, we obtain the varieties onsidered by
Lusztig in [7℄, 4 and [8℄.
Remark. We all the varieties dened in this setion extended Deligne-Lusztig
varieties, both beause they orrespond to an extension of the maximal unramied
extension, and beause there are at least three other generalisations of (ertain)
Deligne-Lusztig varieties, neither of whih is in the diretion given here. One of
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these is the varieties of Deligne assoiated to elements in ertain braid monoids
(f. [1℄); another is the ane Deligne-Lusztig varieties of Kottwitz and Rapoport
(f. [9℄), and a third is the varieties of Digne and Mihel [3℄, dened with respet
to not neessarily onneted, redutive groups.
4. An example
Let G = SL2 and suppose that F is of positive harateristi with q odd. Let
ε denote a prime element in F , and take L0 = F [
√
ε]. Then Γ is topologially
generated by two elements: the Frobenius automorphism ϕ, and an involution σ,
given by σ(a0 + a1
√
ε) = a0 − a1
√
ε.
By Lemma 1, the smallest value of r for whih GΓL,r = G2, is r = 3. Thus from
now on, we assume that r = 3. We let ∆ = {ϕ, σ}, and speify the family {Yϕ, Yσ}
so that
Yϕ =
(
1 0
ε 1
)
UL,3, Yσ =
(
1 0√
ε 1
)
UL,3.
Note that sine UL,3 is losed, the same holds for the translation by any element in
GL,3. With the above speiations, the resulting extended Deligne-Lusztig variety
is
XL :=
{
g ∈ GL,3 | g−1ϕ(g) ∈
(
1 0
ε 1
)
UL,3, g
−1σ(g) ∈ ( 1 0√ε 1 )UL,3}.
Note that this variety arries a left ation of the group G2, and right ations of the
groups
U
1
2 =
{(1 xε
0 1
)
| x ∈ F
}
, A =
{(±1 + aε 0
0 ±1− aε
)
| a ∈ Fq
}
.
We wish to desribe the variety X more expliitly. If we let
g =
(
a0 + a1
√
ε+ a2ε b0 + b1
√
ε+ b2ε
c0 + c1
√
ε+ c2ε d0 + d1
√
ε+ d2ε
)
∈ GL,3,
then g−1ϕ(g) =
(
a11 a12
a21 a22
)
, where
a11 = d0a
q
0 − b0cq0 + (−b0cq1 − b1cq0 + d0aq1 + d1aq0)
√
ε+
(−b0cq2 − b1cq1 − b2cq0 + d0aq2 + d1aq1 + d2aq0)ε,
a12 = d0b
q
0 − b0dq0 + (−b0dq1 − b1dq0 + d0bq1 + d1bq0)
√
ε+
(−b0dq2 − b1dq1 − b2dq0 + d0bq2 + d1bq1 + d2bq0)ε,
a21 = −c0aq0 + a0cq0 + (a0cq1 + a1cq0 − c0aq1 − c1aq0)
√
ε+
(a0c
q
2 + a1c
q
1 + a2c
q
0 − c0aq2 − c1aq1 − c2aq0)ε,
a22 = −c0bq0 + a0dq0 + (a0dq1 + a1dq0 − c0bq1 − c1bq0)
√
ε+
(a0d
q
2 + a1d
q
1 + a2d
q
0 − c0bq2 − c1bq1 − c2bq0)ε.
Similarly, g−1σ(g) =
(
b11 b12
b21 b22
)
, where
b11 = 1 + (b0c1 − b1c0 − d0a1 + d1a0)
√
ε+
(−b0c2 + b1c1 − b2c0 + d0a2 − d1a1 + d2a0)ε,
b12 = 2(d1b0 − d0b1)
√
ε,
b21 = 2(c0a1 − c1a0)
√
ε,
b22 = 1 + (−d1a0 + d0a1 + b1c0 − b0c1)
√
ε+
(−b0c2 + b1c1 − b2c0 + d0a2 − d1a1 + d2a0)ε.
REPRESENTATIONS AND EXTENDED DELIGNE-LUSZTIG VARIETIES 6
Hene, the ondition for g ∈ X beomes
d0a
q
0 − b0cq0 + (−b0cq1 − b1cq0 + d0aq1 + d1aq0)
√
ε+
(−b0cq2 − b1cq1 − b2cq0 + d0aq2 + d1aq1 + d2aq0)ε = 1,
−c0aq0 + a0cq0 + (a0cq1 + a1cq0 − c0aq1 − c1aq0)
√
ε+
(a0c
q
2 + a1c
q
1 + a2c
q
0 − c0aq2 − c1aq1 − c2aq0)ε = ε,
1 + (b0c1 − b1c0 − d0a1 + d1a0)
√
ε+
(−b0c2 + b1c1 − b2c0 + d0a2 − d1a1 + d2a0)ε = 1,
2(c0a1 − c1a0)
√
ε =
√
ε,
det(g) = 1.
Note that we have omitted two redundant equations. Now, the above system is
equivalent to
d0a
q
0 − b0cq0 = 1, a0cq0 = c0aq0, a0d0 − b0c0 = 1, (1)
d0a
q
1 + d1a
q
0 = b0c
q
1 + b1c
q
0, d0a
q
2 + d1a
q
1 + d2a
q
0 = b0c
q
2 + b1c
q
1 + b2c
q
0, (2)
a0c
q
1 + a1c
q
0 = c0a
q
1 + c1a
q
0, a0c
q
2 + a1c
q
1 + a2c
q
0 − c0aq2 − c1aq1 − c2aq0 = 1,
b0c1 + d1a0 = b1c0 + d0a1, d0a2 − d1a1 + d2a0 = b0c2 − b1c1 + b2c0, (4)
2(c0a1 − c1a0) = 1,
a1d0 + a0d1 = b0c1 + b1c0, a0d2 + a1d1 + a2d0 = b0c2 + b1c1 + b2c0. (6)
From (1), it is easy to dedue that aq0 = a0, c
q
0 = c0. Using this, and subtrating
the rst equation (6) from the rst equations in (2) and (4), and respetively, the
seond equation (6), from the seond equations in (2) and (4), yields the equivalent
system
aq0 = a0, c
q
0 = c0, a0d0 − b0c0 = 1,
d0(a
q
1 − a1) = b0(cq1 − c1), d0(aq2 − a2) + d1aq1 − a1d1 = b0(cq2 − c2) + b1cq1 − b1c1, (2)
a0(c
q
1 − c1) = c0(aq1 − a1), a0(cq2 − c2)− c0(aq2 − a2) + a1cq1 − c1aq1 = 1, (3)
a0d1 = b1c0, a1d1 = b1c1,
2(c0a1 − c1a0) = 1,
a1d0 + a0d1 = b0c1 + b1c0, a0d2 + a1d1 + a2d0 = b0c2 + b1c1 + b2c0.
Now, the rst two equations in (2) and (3), together with a0d0 − b0c0 = 1, imply
that aq1 = a1, c
q
1 = c1. This simplies the other equations, so that we get
aq0 = a0, c
q
0 = c0, a0d0 − b0c0 = 1,
aq1 = a1, c
q
1 = c1,
d0(a
q
2 − a2) = b0(cq2 − c2), a0(cq2 − c2)− c0(aq2 − a2) = 1,
a0d1 = b1c0, a1d1 = b1c1,
2(c0a1 − c1a0) = 1,
a1d0 + a0d1 = b0c1 + b1c0, a0d2 + a1d1 + a2d0 = b0c2 + b1c1 + b2c0.
Similarly, rewriting the equations in the third row, we get the equivalent system
aq0 = a0, c
q
0 = c0, a0d0 − b0c0 = 1,
aq1 = a1, c
q
1 = c1,
aq2 − a2 = b0, cq2 − c2 = d0,
a0d1 = b1c0, a1d1 = b1c1, (4)
2(c0a1 − c1a0) = 1, (5)
a1d0 + a0d1 = b0c1 + b1c0, a0d2 + a1d1 + a2d0 = b0c2 + b1c1 + b2c0.
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Now, the equations in (4) yield a0d1 = b1c0 ⇒ a0d1a1 = a1b1c0 ⇒ a0b1c1 =
a1b1c0 ⇒ b1(a0c1 − a1c0) = 0, and so by (5), we have b1 = 0. Similarly, d1 = 0.
Hene, our system of equations is equivalent to
aq0 = a0, c
q
0 = c0, a0d0 − b0c0 = 1,
aq1 = a1, c
q
1 = c1, b1 = 0, d1 = 0,
aq2 − a2 = b0, cq2 − c2 = d0,
2(c0a1 − c1a0) = 1,
a1d0 = b0c1, a0d2 + a2d0 = b0c2 + b2c0.
Now onsider the ation of the group U
1
2. If u =
(
1 xε
0 1
)
∈ U12, then
gu =
(
a0 + a1
√
ε+ a2ε b0 + b1
√
ε+ (b2 + a0x)ε
c0 + c1
√
ε+ c2ε d0 + d1
√
ε+ (d2 + c0x)ε
)
.
Thus the set of orbits XL/U
1
2 an be identied with the set of points
(a0, b0, c0, d0, a1, c1, a2, c2) ∈ F8, suh that
aq0 = a0, c
q
0 = c0, a0d0 − b0c0 = 1,
aq1 = a1, c
q
1 = c1,
aq2 − a2 = b0, cq2 − c2 = d0, (3)
2(c0a1 − c1a0) = 1,
a1d0 = b0c1.
Using the equations in (3), we eliminate b0 and d0, and we an identify the variety
with the set of points (a0, c0, a1, c1, a2, c2) ∈ F6 suh that
aq0 = a0, c
q
0 = c0,
aq1 = a1, c
q
1 = c1,
2(c0a1 − c1a0) = 1,
a0(c
q
2 − c2)− c0(aq2 − a2) = 1, a1(cq2 − c2) = c1(aq2 − a2). (4)
The equations (4) an be rewritten so as to give the following system
aq0 = a0, c
q
0 = c0,
aq1 = a1, c
q
1 = c1,
2(c0a1 − c1a0) = 1,
f1 = a0c2 − c0a2, f2 = a1c2 − c1a2,
f q1 − f1 = 1, f q2 = f2.
In what follows, we will denote by YL the ane variety dened by the above system
of equations. To reap, we have shown the following
Proposition 1. The quotient XL/U
1
2 is anonially isomorphi to the ane variety
YL.
SineU
1
2 is itself isomorphi to the ane spae A
1
, the irreduible representations
realised in the ohomology of YL are the same as those realised by XL (f. [11℄,
Lemma 3.1).
Following [11℄, we use (S,S) to denote the subgroup of G2 onsisting of matries
of the form (
1 + xε yε
0 1− xε
)
.
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Reall that the group A =
{(±1 + aε 0
0 ±1− aε
)
| a ∈ Fq
}
ats on XL by right
translations.
We will now show, using the results of [11℄, that the extended Deligne-Lusztig
variety XL realises all irreduible representations of G2 of dimension (q
2 − 1)/2.
More preisely, we show
Theorem 1. Let Y = {g ∈ G2 | g−1F (g) ∈ (S,S)}. Then there is an isomorphism
α : Y/(S,S)−˜→YL/A,
whih ommutes with the ation of G2 on both varieties.
Proof. The ondition for an element y =
(
x0+x1ε y0+y1ε
z0+z1ε w0+w1ε
) ∈ G2 to lie in Y is given
by the equations
xq0 = x0, y
q
0 = y0, z
q
0 = z0, w
q
0 = w0, x0w0 − y0z0 = 1,
x0(z
q
1 − z1) = z0(xq1 − x1),
x1w0 + x0w1 = y0z1 + y1z0,
whih an be rewritten as
xq0 = x0, y
q
0 = y0, z
q
0 = z0, w
q
0 = w0, x0w0 − y0z0 = 1,
f = x0z1 − z0x1, f q = f,
x1w0 + x0w1 = y0z1 + y1z0.
The ation on Y by an element s =
(
1+tε uε
0 1−tε
) ∈ (S,S) is given by
ys =
(
x0 + (x1 + x0t)ε y0 + (y1 − y0t+ x1u)ε
z0 + (z1 + z0t)ε w0 + (w1 − w0t+ z0u)ε
)
.
Thus, the set of orbits Y/(S,S) an be identied with the set of points
(x0, y0, z0, w0, f) ∈ F5, suh that{
xq0 = x0, y
q
0 = y0, z
q
0 = z0, w
q
0 = w0, x0w0 − y0z0 = 1,
f q = f.
Now for a point (a0, c0, a1, c1, f1, f2) ∈ YL, the ation of an element
(
1+aε 0
0 1−aε
) ∈ A,
is given in terms of oordinates by
(a0, c0, a1, c1, f1, f2) 7−→ (a0, c0, a1, c1, f1, f2 + a/2).
Hene, the quotient YL/A an be identied with the set of points (a0, c0, a1, c1, f1) ∈
F5 suh that 
aq0 = a0, c
q
0 = c0,
aq1 = a1, c
q
1 = c1,
2(c0a1 − c1a0) = 1,
f q1 − f1 = 1.
Now x an element ξ ∈ F suh that ξq−ξ = 1. Then there is learly an isomorphism
α : Y/(S,S) −→ YL/A,
given by
α(x0, y0, z0, w0, f) = (x0, y0,
z0
2
,
w0
2
, f + ξ).
Note that beause of the hoie of ξ, this isomorphism is not anonial. It re-
mains to show that α ommutes with the ation of G2 on the varieties. Thus, let
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(x0, y0, z0, w0, f) ∈ Y/(S,S), and (a0, c0, a1, c1, f1) ∈ YL/A. Then the ation of an
element
(
g0 + g1ε h0 + h1ε
i0 + i1ε j0 + j1ε
)
∈ G2, is given in terms of oordinates by
(x0, y0, z0, w0, f) 7−→ (g0x0 + h0z0, g0y0 + h0w0, i0x0 + j0z0, i0y0 + j0w0,
f + x20(g0i1 − i0g1) + x0z0(g0j1 + h0i1 − i0h1 − j0g1) + z20(h0j1 − j0h1)),
and respetively
(a0, c0, a1, c1, f1) 7−→ (g0a0 + h0c0, g0b0 + h0d0, i0a0 + j0c0, i0b0 + j0d0,
f1 + a
2
0(g0i1 − i0g1) + a0c0(g0j1 + h0i1 − i0h1 − j0g1) + c20(h0j1 − j0h1)).
Thus, it is lear that the ation of G2 ommutes with the isomorphism α, and the
theorem is proved. ❚
In [11℄ it was shown that all irreduible representations of G2 of dimension
(q2 − 1)/2 appear in the ohomology of the variety Y/(S,S). The above theo-
rem shows that that this variety is G2-isomorphi to a quotient of an extended
Deligne-Lusztig variety by a nite group. Thus the latter variety also realises all
the above representations in its ohomology.
Of ourse, it would be desirable to nd a more oneptual proof of Theorem 1
that would not make use of expliit equations of the varieties.
5. Towards a reformulation of Lusztig's onjeture
It is lear that in the degree of generality of Setion 3, the varieties we have
dened may sometimes be empty sets. At the other extreme, L0 = F , ∆ = Γ,
and Yσ = {1} for all σ ∈ ∆ gives a variety idential to Gr itself, and thus the
ohomology is just the regular representation of Gr, whih is not interesting for our
purposes. Thus, in order to ensure a nontrivial theory and a suitable framework
for onstruting representations of the groups Gr, it is neessary to speialise the
onstrution. Motivated by the onstrution of Deligne and Lusztig in the ase
r = 1, the results of [11℄, and the example of the preeding setion, we suggest the
following preliminary onstrution.
As before, let L0/F be a nite totally ramied Galois extension of degree e,
and L = Lur0 with Γ = Gal(L/F ). Let G be a onneted redutive group over F .
Aording to a result in the struture theory of redutive groups over loal elds
(f. [10℄, 4.7), there exists a Borel subgroup B in G, dened over F ur. Let U
denote its unipotent radial; then U is also dened over F ur. We identify G and U
with their orresponding group shemes over OL, obtained by extension of salars.
A rst naive extension of Lusztig's onstrution would be the following. Fix an
integer r ≥ 1, and a orresponding group Gr. Take ∆ to be any set of topologial
generators of Γ, and r′ any integer suh that G∆L,r′ = Gr. For every σ ∈ ∆, let
Yσ = xσUL,r′ for some xσ ∈ GL,r′ . Denote by XL,r′({xσ}) the extended Deligne-
Lusztig variety dened by this data, with its orresponding ation of Gr. Then
one an ask whether every irreduible representation of Gr appears in the l-adi
ohomology of some XL,r′({xσ}).
However, the ases known so far (i.e. r = 1, and the ase disussed in Setion 4)
are onsistent with a muh more spei onstrution. Namely, take ∆ = {ϕ}∪∆′,
where ∆′ is a minimal set of generators of Gal(L/F ur). Sine ∆ topologially
generates Γ, we have G∆L,r′ = G
Γ
L,r′ for any r
′
. Let r′ be the smallest integer suh
that G
∆
L,r′ = Gr. By Lemma 1, this means that r
′ = (r − 1)e + 1. Let xϕ be
a representative of double BrBr-osets in Gr, and let xσ for eah σ ∈ ∆′ be a
representative of double BL,r′BL,r′-osets in GL,r′. Given this onstrution, the
following questions present themselves:
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Does every irreduible representation of Gr appear in the l-adi
ohomology of some variety XL,r′({xσ})?
If so:
• To what extent is the onstrution dependent of the hoie of B?
• Is it possible to haraterise preisely what kind of extensions L0/F that
are needed? In partiular, to what extent are abelian extensions enough?
• Is it always suient to take r′ = (r− 1)e+1, or do there exist ases where
we have to take some larger r′ suh that (r − 1)e < r′ ≤ re?
• Is it always enough to take ∆′ to be a minimal set of generators of the
group Gal(L/F ur)? How does the resulting variety depend on the hoie of
suh a ∆′?
• For eah xϕ, an the set {xσ | σ ∈ ∆′} be speied further?
The answer to the rst question is armative for r = 1, by the work of Deligne
and Lusztig [2℄. It is also armative for G = SL2, F of positive harateristi, q
odd, and r = 2, by the results in [8℄, set. 3, together with the results in [11℄ and
Theorem 1 of this paper.
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